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Abstract 

Functional Ito calculus was introduced in order to expand a functional F{t, A.+j, Xt) depending 
on time t, past and present values of the process X. Another possibility to expand F{t, A.+t, At) 
consists in considering the path A.+t = {X^+t, x G [—T, 0]} as an element of the Banach space of 
continuous functions on C([—T, 0]) and to use Banach space stochastic calculus. The aim of this 
paper is threefold. 1) To reformulate functional Ito calculus, separating time and past, making 
use of the regularization procedures which matches more naturally the notion of horizontal 
derivative which is one of the tools of that calculus. 2) To exploit this reformulation in order 
to discuss the (not obvious) relation between the functional and the Banach space approaches. 
3) To study existence and uniqueness of smooth solutions to path-dependent partial differential 
equations which naturally arise in the study of functional Ito calculus. More precisely, we study 
a path-dependent equation of Kolmogorov type which is related to the window process of the 
solution to an Ito stochastic differential equation with path-dependent coefficients. We also 
study a semilinear version of that equation. 

Keyvifords: functional Ito calculus; Banach space valued stochastic calculus; path-dependent 
partial differential equation; strict solutions; calculus via regularization. 

AMS 2010 subject classifications: 60H05; 60H10; 60H30; 35A09; 35K10. 


1 Introduction 

Recently, a new branch of stochastic calculus has appeared, known as functional ltd calculus, which 
results to be an extension of classical Ito calculus to functionals depending on the all path of a 
stochastic process and not only on its current value, see Dupire [l2], Cont and Fournie lasiE]. 
On the other hand, C. Di Girolami, the second named author and more recently G. Fabbri, have 
introduced a path-dependent type calculus having similar objectives in a series of papers (PEI 
EiiiniE]), which is a stochastic calculus for processes taking values in a separable Banach space 
B (which includes the case B = C([—T, 0])). 

The aim of the paper is threefold. 

1. First, to reformulate functional Ito calculus, separating time and past, making use of the 
regularization procedures which matches more naturally the notion of horizontal derivative 
which is one of the tools of that calculus. 
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2. Exploiting this reformulation of functional Ito calculus in order to discuss the relation be¬ 
tween the functional and the Banach space approaches. In particular, to investigate the (not 
obvious) nature of the so-called horizontal derivative. 

3. Study path-dependent Partial Differential Equations (PDEs) of Kolmogorov type which are 
associated to window processes of solutions to Ito stochastic differential equations with path- 
dependent drift and diffusion coefficients. 

The paper is separated into two sections/parts: items 1. and 2. above are in the first part, while 
item 3. is studied in the second part. Let us now describe more in detail these two sections. 

In the first part of the paper, we revisit functional Ito calculus by means of stochastic calculus 
via regularization. We recall that Cont and Eournie developed functional Ito calculus and 

derived a functional Ito formula using discretization techniques of Eollmer m type, instead of 
regularization techniques. One of the main issues of functional Ito’s calculus is the definition of the 
functional (or pathwise) derivatives, i.e., the horizontal derivative (calling in only the past values 
of the trajectory) and the vertical derivative (calling in only the present value of the trajectory). 
As mentioned above, the idea of regularization makes the approach more natural since it matches 
better the notion of derivative (for instance horizontal). On the other hand we have decided to keep 
separated “time” and “past”, the sum of the time derivative plus “our” horizontal derivative would 
give Dupire’s horizontal derivative. In [3], it is essential to consider functionals defined on the space 
of cadlag trajectories, namely D([—T, 0]), since the definition of functional derivatives necessitates of 
discontinuous paths. Therefore, if a functional is defined only on the space of continuous trajectories 
(because, e.g., it depends on the paths of a continuous process as the Brownian motion), we have to 
extend it anyway to the space of cadlag trajectories, even though, in general, there is no a unique 
way to extend it. In contrast with this approach, our point of view is to consider a state space which 
get stuck as much as possible to the “natural space” of continuous functions C([—T, 0]). In the 
classical literature of functional dependent stochastic differential equations (as delay equations, 
see for instance m), the process takes values into L^([—T, 0]) x M, the first component staying 
for the past of the trajectory and the second one for the present. This space is isomorphic to 
L^([—T,0],d/r) where fi is the sum of Lebesgue measure and Dirac measure at zero. This space 
contains strictly C{[—T, 0]) as a dense subspace. Our idea was to consider as state space 0]), 

that is a space which contains C'([—T, 0]) as a dense subset and is isomorphic to a product space 
which allows to separate past and present. On ‘^([—T, 0]) we define the functional derivatives. 
'^([—T, 0]) is the space of bounded trajectories on [—T, 0], continuous on [—T, 0[ and with possibly 
a jump at 0. We endow 0]) with a topology such that C{[—T, 0]) is dense in 0]) with 

respect to this topology. Therefore, any functional U: [0,T] x C'([—T, 0]) —> M, continuous with 
respect to the topology of ^([—T, 0]), admits at most a unique extension to ^([—T, 0]), denoted 
u: [0, T] x^([—T, 0]) —>■ M. We present some significant functionals for which a continuous extension 
exists. Then, we develop the functional Ito calculus for u: [0,T] x ‘^([—T,0]) ^ R. 

Notice that we use a slightly different notation with respect to [3]. In particular, instead of a 
map U: [0,T] x C'([—T,0]) ^ R, in [3] a family of maps F = {Ft)t£[o,T]^ with E): C'([0,t]) —>■ R, 
is considered. However, we can always move from one formulation to the other. Indeed, given 
F = {Ft)t£[Q^T]} where each Ft: (^([O, t]) ^ R, we can define U: [0, T] x C{[—T, 0]) —> R as follows: 

U{t,v) ■■= Ftiv{-+T)\[o,t])^ (t,r/)G[0,T]xC([-T,0]). 

Vice-versa, let U: [0,T] x C'([—T, 0]) ^ R and define F = {Ft)ti=[o^T] 

Ftiv) := W(t,77), G [0,T] x C([0,t]), (1.1) 
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where rj is the element of C{[—T, 0]) obtained from fj hrst translating fj on the interval [—t, 0], then 
extending it in a constant way up to —T, namely t]{x) := fi[x + qj ( x ) + fi{—t)ly_rp_£^[x), for 
any x G [—T, 0]. Observe that, in principle, the map lA contains more information than F, since in 
(HI) we do not take into account the values of U at (t, ry) G [0, T] x C'([—T, 0]) with ry not constant 
on the interval [—T, —t]. Despite this, the equivalence between the two notations is guaranteed by 
the fact that, as it will be clear later, when we consider the composition of lA with a stochastic 
process, this extra information plays no role. Our formulation has two advantages. Firstly, we 
can work with a single map instead of a family of maps. In addition, the time variable and the 
path have two distinct roles in our setting, as for the time variable and the space variable in the 
classical Ito calculus. This, in particular, allows us to define the horizontal derivative independently 
of the time derivative, so that, the horizontal derivative defined in [3] corresponds to the sum of 
our horizontal derivative and of the time derivative. We mention that an alternative approach to 
functional derivatives was introduced in [T]. 

After this reformulation of functional ltd calculus, we can now investigate the relation between 
functional Ito calculus and Banach space valued stochastic calculus (via regularization), for the 
case of window processes. This latter and brand new branch of stochastic calculus and stochastic 
analysis has been recently conceived, deeply studied, and developed in many directions in UniEIlE], 
[7] and for more details [8]. For the particular case of window processes, we also refer to Theorem 
6.3 and Section 7.2 in [7]. In the present paper, we prove formulae which allow to express functional 
derivatives in terms of differential operators arising in the Banach space valued stochastic calculus 
via regularization. In particular, while the identihcation of the vertical derivative is rather expected, 
we found a not obvious relation between the horizontal derivative and second order derivative 
operators of Banach space valued stochastic calculus. 

Dupire |I2] introduced also the concept of path-dependent partial differential equation, to which 
the second part of the present paper is devoted. Di Girolami and the second named author, in 
Chapter 9 of [8], considered a similar equation in the framework of Banach space valued calculus, 
for which we refer also to m- We also drive the attention to the recent contribution of |18j . 

In the last part of the paper we focus on path-dependent semilinear Kolmogorov equations 
driven by a path dependent generator associated with a delay equation, for which we provide a 
definition of strict solution (namely smooth solution; we prefer to use the term “strict” instead of 
“classical” because all the theory of path-dependent partial differential equations is very recent). 
We prove a uniqueness result for this kind of solution, by means of probabilistic methods based 
on the theory of Backward Stochastic Differential Equations (BSDEs). More precisely, we show 
that, if a strict solution exists, then it can be expressed through the solution of a certain backward 
stochastic differential equation. Therefore, from the uniqueness of the BSDE it follows that there 
exists at most one strict solution. Then, we also prove an existence result for strict solutions. In 
the companion paper [6], for the same type of equations, we introduce a more general notion of 
solution, that we have denominated strong-viscosity solution, for which we provide existence and 
uniqueness results. 

The paper is organized as follows. In section [2] we develop functional Ito calculus via regu¬ 
larization: after a brief introduction on finite dimensional stochastic calculus via regularization 
in subsection EH we introduce and study the space ^([—T, 0]) in subsection 12.21 then, we dehne 
the functional derivatives and we prove the functional Ito formula in subsection 12.31 in subsection 
12.41 instead, we discuss the relation between functional Ito calculus via regularization and Banach 
space valued stochastic calculus via regularization for window processes. Finally, in Section [3] we 
study strict solutions to path-dependent PDEs. 
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2 Functional Ito calculus: a regularization approach 

2.1 Background: finite dimensional calculus via regularization 

The theory of stochastic calculus via regularization has been developed in several papers, starting 
from [231124] , We recall below only the results used in the present paper, and we refer to [22] for 
a survey on the subject. We emphasize that integrands are allowed to be anticipating. Moreover, 
the integration theory and calculus appears to be close to a pure pathwise approach even though 
there is still a probability space behind. 

Fix a probability space (11, P) and T €]0, oo[. Let F = {J^t)telo,T] denote a filtration satisfying 
the usual conditions. Let X = {Xt)t£[o,T] (resp. Y = (dt)ig[o,T]) be a real continuous (resp. P-a.s. 
integrable) process. Every real continuous process X = (2Lt)jg[o,T] is naturally extended to all 
t G M setting Xf = Xq, t < 0, and Xt = Xt, t >T. We also define a C([—T, 0])-valued process 
X = (Xt)tg]R, called the window process associated with X, defined by 


Xj {Xt-\-xi X G [—T,0]}, t G M. 


( 2 . 1 ) 


Definition 2.1 Suppose that, for every t G [0, T], the following limit 



( 2 . 2 ) 


exists in probability. If the obtained random function admits a continuous modification, that process 
is denoted by f^Yd~X and called forward integral of Y with respect to X. 


Definition 2.2 A family of processes {Ht^'^)t£[o,T] is said to converge to (ddt)i6[o,T] l^he ucp 
sense, i/supo<t<'r \Ht^^ — Ht\ goes to 0 in probability, as e ^ O"''. 


Proposition 2.3 Suppose that the limit (12.2p exists in the ucp sense. Then, the forward integral 
fiyYd~X ofY with respect to X exists. 


Let us introduce the concept of covariation, which is a crucial notion in stochastic calculus via 
regularization. Let us suppose that X, Y are continuous processes. 


Definition 2.4 The covariation of X and Y is defined by 




if the limit exists in probability for every t G [0,T], provided that the limiting random function 
admits a continuous version {this is the case if the limit holds in the ucp sense). If X = Y, X is 
said to be a finite quadratic variation process and we set [X] := [X, Xj. 


The forward integral and the covariation generalize the classical Ito integral and covariation for 
semimartingales. In particular, we have the following result. 


Proposition 2.5 The following properties hold. 

(i) Let 3^,8“^ be continuous W-semimartingales. Then, is the classical bracket 

{M^,Al‘^), where (resp. M^) is the local martingale part of {resp. S"^). 
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(ii) Let V be a continuous bounded variation process and Y be a cddldg process {or vice-versa); 
then [y] = \Y,V] = 0. Moreover ^^Yd~V = f^^YdV, is the Lebesgue-Stieltjes integral. 

(iii) If M is an ¥-local martingale and Y is an ¥ -progressively measurable cddldg process, then 
^qY d~M exists and equals the ltd integral J^YdM. 

Proof. Assertion (i) follows from Corollary 2 and Proposition 9 in [2^. Concerning (ii) we refer 
to item 7) of Proposition 1 in [2^. (iii) follows from Proposition 6 in |26j . □ 

We end this crash introduction to finite dimensional stochastic calculus via regularization pre¬ 
senting one of its cornerstones: Ito’s formula. It is a well-known result in the theory of semimartin¬ 
gales, but it also extends to the framework of finite quadratic variation processes. For a proof we 
refer to Theorem 2.1 of |25j . 

Theorem 2.6 Let T : [0,T] x M — > M be of class ([0, T] x M) and X = (A^t)jgjo,T] be a real 
continuous finite quadratic variation process. Then, the following ltd formula holds: 

F{t,Xt) = F(0,Xo)+ f dtF{s,Xs)ds+ f d,F{s,Xs)d-Xs + l- f d^,,,F{s, Xs)d[X]s, (2.3) 

Jo Jo ^ Jo 

for all 0 < t <T. 


2.1.1 The deterministic calculus via regularization 

A useful particular case of finite dimensional stochastic calculus via regularization arises when Ll 
is a singleton, i.e., when the calculus becomes deterministic. In addition, in this deterministic 
framework we will make use of the definite integral on an interval [a, b], where a < b are two real 
numbers. Typically, we will consider a = —T or a = —t and 6 = 0. 


We start with two conventions. By default, every bounded variation function /: [a, 6] —)■ M will 
be considered as cadlag. Moreover, given a function /: [a, b] —)• M, we will consider the following 
two extensions of / to the entire real line: 


fj{x) 


0, X > b, 

< f{x), X € [o,6], 
J{a), x<a, 


fji^) 


' f{b), x>b, 

< f{x), X € [o,6], 
_ 0 , X < a, 


where J :=]a, 6] and J = [a, 6]. 


Defiuitiou 2.7 Let f,g: [a,b] — >• M 6e cddldg functions. 

(i) Suppose that the following limit 

[ 9 {s)d~f{s) := lim f gj{s) ^^^^ ^ 

J[a,b] e^O+jR e 

exists and it is finite. Then, the obtained quantity is denoted by gd~ f and called {determin¬ 
istic, definite) forward integral of g with respect to f {on [a, 6]). 

(ii) Suppose that the following limit 

f g{s)d'^f{s) := lim f gj{s)^^ -— —ds, 

J[a,b] £^0+Jm e 

exists and it is finite. Then, the obtained quantity is denoted by gd~^ f and called {determin¬ 
istic, definite) backward integral of g with respect to f {on [a, 6]). 
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The notation concerning this integral is justified by the fact that when the integrator / has 
bounded variation then previous integrals are Lebesgue-Stieltjes integrals on [a, b], as stated in the 
following proposition, whose simple proof is not reported. 

Proposition 2.8 Suppose f: [a,b] —>■ M with bounded variation and g: [a,b] —>■ M eddldg. Then, 
we have 

[ gis)d~f{s) = [ gis~)dfis) := g{a)f{a)+ f gis~)dfis), 
d la,b] J[a,b] J]a,b] 

[ 9 is)d'^f{s) = [ g{s)df{s) := g{a)f{a) + [ g{s)df{s). 

J[a,b] J[a,b] J]a^b] 

Let us now introduce the deterministic covariation. 

Definition 2.9 Let f,g: [a,b] —)• M 6e eontinuous funetions and suppose that 0 G [a,b]. The 
{deterministic) covariation of f and g {on [a, 6]) is defined by 

[f,9]{x) = [9J]{x) = lim - / {f{s + e)-f{s)){g{s + e)-g{s))ds, x£[a,b], 

e^o+ e Jq 

if the limit exists and it is finite for every x € [a, b]. If f = g, we set [f] := [/,/] and it is called 

(deterministic) quadratic variation of f {on [a, 6]). 

We notice that in Definition 12.91 the quadratic variation [/] is continuous on [a,b], since / is a 
continuous function. 

Remark 2.10 Notice that if / is a fixed Brownian path and g{s) = ip{s, f{s)), with cp G ^^([0,1] x 
M) (for simplicity, we take [a, 6] = [0,1]), then g{s)d~ f{s) exists for almost all (with respect to 
the Wiener measure on (^([0,1])) Brownian path /. This latter result can be shown using Theorem 

2.1 in |16j (which implies that the deterministic bracket, introduced in Definition 12.91 below, exists, 

for almost all Brownian paths /, and [/](s) = s) and then applying Ito’s formula in Theorem 12.61 
above, with P given by the Dirac delta at a Brownian path /. □ 

We conclude this subsection with an integration by parts formula for the deterministic forward 
and backward integrals, whose simple proof is omitted. 

Proposition 2.11 Let f: [a, 6] —M 6e a eddldg function and g: [o, 6] —>■ M 6e a bounded variation 
function. Then, the following integration by parts formulae hold: 

[ 9 {s)d~f{s) = g{b)f{b) - I f{s)dg{s), (2.4) 

J[a^b] J]a^b] 

[ 9{s)d'^f{s) = g{b)f{b~) - [ f{s~)dg{s). (2.5) 

J[a^b] J]a,b] 

2.2 The spaces '^([-r,0]) and ^{[-T,0[) 

Let C([—T, 0]) denote the set of real continuous functions on [—T, 0], endowed with supremum 
norm ||?7||oo = \v{x)\, for any g G C{[-T,0]). 
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Remark 2.12 We shall develop functional Ito calculus via regularization firstly for time-indepen¬ 
dent functionals lA: C'([—T, 0]) ^ M, since we aim at emphasizing that in our framework the time 
variable and the path play two distinct roles, as emphasized in the introduction. This, also, allows 
us to focus only on the definition of horizontal and vertical derivatives. Clearly, everything can be 
extended in an obvious way to the time-dependent case U: [0,T] x C'([—T, 0]) —>■ M, as we shall 
illustrate later. □ 

Consider a map lA : C'([—T, 0]) ^ M. Our aim is to derive a functional Ito’s formula for lA. To 
do this, we are led to define, in the spirit of |12] and [3], the functional (i.e., horizontal and vertical) 
derivatives for lA. Since the definition of functional derivatives necessitates of discontinuous paths, 
in [3] the idea is to consider functionals defined on the space of cadlag trajectories B([—T, 0]). 
However, we can not, in general, extend in a unique way a functional lA defined on C([—T, 0]) to 
D([—T, 0]). Our idea, instead, is to consider a larger space than C'([—T, 0]), denoted by ‘^([—T, 0]), 
which is the space of bounded trajectories on [—T, 0], continuous on [—T, 0[ and with possibly a 
jump at 0. We endow '^([—T, 0]) with a (inductive) topology such that C'([—T, 0]) is dense in 
^([—T, 0]) with respect to this topology. Therefore, if lA is continuous with respect to the topology 
of ^([—T, 0]), then if it admits a continuous extension u: ^([—T, 0]) —>■ M this is necessarily unique. 

Definition 2.13 We denote by ^([—T, 0]) the set of bounded functions rj: [—T, 0] —>■ R such that 
Tj is continuous on [—T, 0[, equipped with the topology we now describe. 

Convergence. We endow ^([—T, 0]) with a topology inducing the following convergence: {gn)n 
converges to r] in T, 0]) as n tends to infinity if the following holds. 

(i) ll^nlloo < C, for any n G N, for some positive constant C independent of n] 

(ii) supj-g;^ Ihriix) — 0 as n tends to infinity, for any compact set K C [—T,0[; 

(iii) ??n(0) —> 7?(0) as n tends to infinity. 

Topology. For each compact K C [—T, 0[ define the seminorm px on ‘^([—T, 0]) by 

PKig) = sup |7/(x)|-F |r/(0)|, Vr/G ^([-r,0]). 

xeK 

Let M > 0 and ^m([—7", 0]) be the set of functions in ^([—T, 0]) which are bounded by M. Still 
denote pk the restriction of px to T, 0]) and consider the topology on induced 

by the collection of seminorms {px)k- Then, we endow ^([—T, 0]) with the smallest topology 
{inductive topology) turning all the inclusions iu '■ ^m{[—T, 0]) —>■ ^([—T, 0]) into continuous maps. 

Remark 2.14 (i) Notice that C'([—T, 0]) is dense in ^([—T, 0]), when endowed with the topology 
of ^([—T, 0]). As a matter of fact, let rj G ^([—T, 0]) and define, for any n G N\{0}, 

{y{x), -T <x< -1/n, 

(PniXj = < 

1 ^ 77 ,( 77 ( 0 ) — 77( —l/77))x -|- 77 ( 0 ), —1/77 < X < 0. 

Then, we see that (pn G C'([—T, 0]) and ipn ^ V ‘^([“^jO])- 
Now, for any a G R define 


C„([-T,0]) := {77GC([-r,0]):77(0)=a}, 
^,([-r,0]) := {77G^([-r,0]):77(0)=a}. 
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Then, C'a([—T, 0]) is dense in T, 0]) with respect to the topology of ‘^([—T, 0]). 

(ii) We provide two examples of functionals U: C'([—T, 0]) M, continuous with respect to the 
topology of ^([—T, 0 ]), and necessarily with respect to the topology of C'([—T, 0 ]); the proof is 
straightforward and not reported. 

(a) U{r]) = g{7]{ti),... ,ri{tn)), for all rj € C([—T,0]), with —T < ti < ■ ■ ■ < tn < 0 and 
g: —>■ M continuous. 


(b) U{r]) = for all g £ C'([—r,0]), with (p: [0,T] ^ M a cadlag bounded 

variation function. Concerning this example, keep in mind that, using the integration by 
parts formula, U{r]) admits the representation ( 12 .4p . 


(hi) Consider the functional U{r]) = sup 3 ,g[_ 7 nQj g{x), for all g £ C'([—T, 0]). It is obviously contin¬ 
uous, but it is not continuous with respect to the topology of ^([—T, 0 ]). As a matter of fact, for 
any n £ N consider £ C'([—T, 0]) given by 


^n(x) = < 


0 , 

2n + l 


— T < X < —— 


T 
2^+1 
T 


X -j- 2, — qtt 




Then, U{r]n) = sup 3 ,g[_ 2 ’ Q] ry„(x) = 1, for any n. However, gn converges to the zero function in 
^([—T, 0]), as n tends to inhnity. This example plays an important role in the companion paper 
[B] to justify a weaker notion of solution to the path-dependent semilinear Kolmogorov equation. 

□ 


To define the functional derivatives, we shall need to separate the “past” from the “present” 
ol g £ ^([—T, 0]). Indeed, roughly speaking, the horizontal derivative calls in the past values of 
g, namely {g{x): x £ [—T, 0[}, while the vertical derivative calls in the present value of g, namely 
r/(0). To this end, it is useful to introduce the space ^([—T, 0[). 

Definition 2.15 We denote by ‘^([—T, 0[) the set of real-valued bounded continuous functions 
7 : [—T, 0 [— 7 > M, equipped with the topology we now describe. 

Convergence. We endow '^([—T, 0[) with a topology inducing the following convergence: ( 7 n)n 
converges to 7 in ^([—T, 0 [) as n tends to infinity if the following holds. 

(i) sup,j,g[_ 2 ’^Q[ | 7 n(a^)| < C, for any n € N, for some positive constant C independent of n] 

(ii) supj-g^ \'ln{x) — 7 (ic)| —7> 0 as n tends to infinity, for any compact set K C [—T,0[. 
Topology. For each compact K C [—T, 0[ define the seminorm qk on '^([—T, 0[) by 

qxii) = sup|7(x)|, V7 G ^([-r,o[). 

x£K 

Let M > 0 and ^m([—T, 0[) be the set of functions in ^([—T, 0[) which are bounded by M. Still 
denote qk the restriction of qk to ^m([—T, 0 [) and consider the topology on ‘^m([—T, 0 [) induced 
by the collection of seminorms {qK)K- Then, we endow ‘^([—T, 0[) with the smallest topology 
{inductive topology) turning all the inclusions iu '■ ^m{[—T, 0 [) —>■ ^([—T, 0 [) into continuous maps. 

Remark 2.16 (i) Notice that ^([—T, 0]) is isomorphic to ‘^([—T, 0[) x M. As a matter of fact, it 
is enough to consider the map 


J: ^([-T,0]) ^ ^([-r,0[) X M 
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V ^ {v\[-T,o[^v{0)). 

Observe that J~^: ^([—T, 0 [) x M ^ ^([—T, 0]) is given by a) = + ®l{o}- 

(ii) ^([—T, 0]) is a space which contains C{[—T, 0]) as a subset and it has the property of separating 
“past” from “present”. Another space having the same property is L^([—T, 0]; where fj, is the 
sum of the Dirac measure at zero and Lebesgue measure. Similarly as for item (i), that space is 
isomorphic to L^([—T, 0 ]) x M, which is a very popular space appearing in the analysis of functional 
dependent (as delay) equations, starting from [ 2 ]. □ 

For every u: ^([—T,0]) M, we can now exploit the space ^([—T,0[) to define a map 

u: ‘^([—r, 0[) X M M where “past” and “present” are separated. 

Definition 2.17 Let u : ‘^([— T, 0]) ^ M and define u : ^([— T, 0[) x M ^ M as 

u( 7 ,a) := M(7l[_r^o[ + ol{o}), V ( 7 , a) G ^([-T, 0[) x R. (2.6) 

In particular, we have u{t]) = for all rj € '^([—T, 0]). 

We conclude this subsection with a characterization of the dual spaces of ‘^([—T, 0]) and 
'^([—T,0[), which has an independent interest. Firstly, we need to introduce the set Al([—T,0]) 
of finite signed Borel measures on [— T,0]. We also denote Alo([“d "5 0]) C Al([— T,0]) the set of 
measures // such that /i({ 0 }) = 0 . 


Proposition 2.18 Let A G ‘^([—r,0])*, the dual space o/'^([—T,0]). Then, there exists a unique 
p, G Al([—T, 0]) such that 

Ari= ri{x)p{dx), V 7 G‘^([—T, 0 ]). 

J{-T,0] 

Proof. Let A G ^([—T, 0])* and define 

Aif := A<^, G C([-T,0]). 

Notice that A: C{[—T, 0]) ^ R is a continuous functional on the Banach space C{[—T, 0]) endowed 
with the supremum norm || • ||oo- Therefore A G C{[—T, 0])* and it follows from Riesz representation 
theorem (see, e.g., Theorem 6.19 in [22]) that there exists a unique p G Al([—T,0]) such that 

Aif = I (p{x)p{dx), G C'([—T,0]). 

J[-T,0] 


Obviously A is also continuous with respect to the topology of '^([—T,0]). Since C'([—T,Oj) is 
dense in '^([—T, 0]) with respect to the topology of '^([—T, Oj), we deduce that there exists a 
unique continuous extension of A to ^([—T, 0]), which is clearly given by 


Ar] = [ r]{x)p{dx), V77 G ^([— T, 0 ]). 

J[-T,0] 


□ 


Proposition 2.19 Let A G ^([— T,0[)*, the dual space o/^([—r,0[). Then, there exists a unique 
p G Alo([~T', 0]) such that 

A 7 = / -f{x)p{dx), V 7 G‘^([-r,0[). 

J[-T,o[ 
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Proof. Let A G T, 0[)* and define 

Ar/ := A(r?|[_r,o[), Vr? € ^([-T,0]). (2.7) 

Notice that A: ^([—T, 0]) ^ M is a continuous functional on ^([—T, 0]). It follows from Proposition 
12.181 that there exists a unique /r G AI([—T, 0]) such that 

Ar] = [ r]{x)n{dx) = [ r?(a:)//(dx) + ?7(0)/i({0}), Vr/G ^([-T,0]). (2.8) 

J[-T,0] J[-T, 0 [ 


Let r]i,ri 2 G ^([—T, 0]) be such that ??i1[_t,o[ = ^2l[-T,o[' Then, we see from (|2.7I) that Ajyi = Ar] 2 , 
which in turn implies from (j2.8p that /x({0}) = 0. In conclusion, ^ G Ado([— T, 0]) and A is given 
by 

Aq = / 7(x)/i(dx), Vq G‘^([-r,0[). 


□ 


2.3 Functional derivatives and functional Ito’s formnla 

In the present section we shall prove one of the main result of this section, namely the functional 
Ito’s formula for U: C'([—T, 0]) —> M and, more generally, for U: [0,T] x C'([—T, 0]) —M. We 
begin introducing the functional derivatives in the spirit of Dupire m, firstly for a functional 
u: ^([-T,0]) ^ M, and then for 7/: C([-r,0]) ^ M. 


Definition 2.20 

Consider u: ^([—T, 0]) ^ M and i] G ^{[—T, 0]). 

(i) We say that u admits horizontal derivative at ij if the following limit exists and it is finite: 


D^u{r]) 


lim 

e—>-0+ 


'«(f?(')l[-T,0[ +?/(0)l{0}) 


u(r?(- -e)l[-r^ 0 [ + 7?(0)l{0}) 
e 


(i)’ Let u be as in (|2.6I) . ITe say that u admits horizontal derivative at ( 7 , 0 ) G '^([—T, 0[) x M 
if the following limit exists and it is finite: 


D^u{-f,a) 


ft(7(-),Q) -^(7(- -£),q) 

£:-i-0+ e 


(2.9) 


Notice that if D^u{r]) exists then r]{0)) exists and they are equal; viceversa, whenever 

D^u{'y,a) exists then i7'^tt(7l[_7’o[ + «l{o}) exists and they are equal. 

(ii) We say that u admits first-order vertical derivative at 77 if the first-order partial derivative 
at (77|[-r,o[) ^( 0 )) of u with respect to its second argument, which we denote by dau{r]^f^_xfl[,r]{0)), 
exists and we set 

D^u{r]) := dau{r]\i_Tfi[,r]{0)). 

(hi) We say that u admits second-order vertical derivative at 77 if the second-order par¬ 
tial derivative at (77|[_t,o[) ^( 0 )) of u with respect to its second argument, which we denote by 
^aa^( 7 |[-r,o[) 7 ( 0 ))j oxists and we set 

D^^u{r]) := 

Definition 2.21 We say that u: ^([—T,0]) M. is of class ^^’^(past x present) if the following 

holds. 
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(i) u is continuous] 

(ii) D^u exists everywhere on ^([—T, 0]) and for every 7 G ^([—T, 0[) the map 

(e, a) I—^ D^u{'y{- — e), a), (e, a) G [ 0 , c»[xM 

is continuous on [0, oo[xM; 

(iii) D^u and exist everywhere on ‘^([—T, 0]) and are continuous. 

Remark 2.22 Notice that in Definition 12.21 1 we still obtain the same class of functions "^^’^(past x 
present) if we substitute point (ii) with: 

(ii’) D^u exists everywhere on '^([—T, 0 ]) and for every 7 G '^([—T, 0 [) there exists 5(7) g] 0 , 00] 
such that the map 


(e,a)i —> D^u{'y{-— e),a), (e, a) G [ 0 , oo[xM ( 2 - 10 ) 

is continuous on [0,(5(7)[xM. 

In particular, if (ii’) holds then we can always take 5 ( 7 ) = 00 for any 7 G ‘^([—T, 0[), which implies 
(ii). To prove this last statement, let us proceed by contradiction assuming that 

(5*(7) = sup {(5(7) > 0 : the map (|2.1Up is continuous on [0,(5(7 )[xM} < 00. 

Notice that (5*( 7 ) is in fact a max, therefore the map (| 2 . 10 l) is continuous on [ 0 , 5 *( 7 )[xM. Now, 
define 7 (') := 7 (- — ^*( 7 )). Then, by condition (ii’) there exists 5{^) > 0 such that the map 

(e, a) I—^ - e),a) = -e- d*(j)),a) 

is continuous on [0, 5 ( 7 )[xM. This shows that the map (|2.10l) is continuous on [ 0 ,( 5 *( 7 ) + ( 5 ( 7 )[xM, 
a contradiction with the definition of (5* ( 7 ). □ 

We can now provide the definition of functional derivatives for a map h/: C{[—T, 0]) —> R. 

Definition 2.23 LetU : C'([—T, 0]) ^ R andrj G C'([—T, 0]). Suppose that there exists a unique ex¬ 
tension u: '^([—T,0]) —>■ R ofU {e.g., ifU is continuous with respect to the topology o/^([—T,0])). 
Then we define: 

(i) The horizontal derivative ofU at r] as: 

D^U{ri) := D^u{ri). 

(ii) The first-order vertical derivative oflA at rj as: 

:= D^u{7]). 

(iii) The second-order vertical derivative oflA at rj as: 

Definition 2.24 We say that U: C{[—T, 0]) ^ R is (^^’^(past x present) ifU admits a {necessarily 
unique) extension u: ^([—T,0]) ^ R 0 / class ^^’^(past x present). 
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Theorem 2.25 Let U: C'([—T, 0]) M. be of class (^^’^(past x present) and X = (-^t)t 6 [o,r] be a 
real continuous finite quadratic variation process. Then, the following functional ltd formula 
holds, P-a.s., 

U{Xt) = L{{Xo)+ [ D^U{Xs)ds+ [ D^U{Xs)d-Xs + l- [ D^^U{Xs)d[X]s, (2.11) 
Jo Jo ^ Jo 

for all 0 < t < T, where the window process X was defined in (EH). 

Proof. Fix t G [0, T] and consider the quantity 

Jo ^ ^ Jt ^ Jo 

Since {U{Xs))s>o is continuous, we have that /o(e,t) converges ucp to UiXf) —U{Xq), namely 
supo<t<T l-^o(^)^) “ (lJ{Xt) — W(Xo))| converges to zero in probability when s —>■ O'*'. On the other 
hand, we can write Io{e,t) in terms of the function u, defined in (j2.6p . as follows: 


)(e>i) = [ 
Jo 


i(^s+e|[—T,0[) ^s+e) u{X,\l-T,0[,Xs 


■ds. 


Now we split /o(e,t) into two terms: 


= [ 

Jo 


h 

h{e,t) = [ 
Jo 

We begin proving that 


ui^s+e\[-Tfi[,Xs+e) “ h(X^|[_y^o[> Xs+e) 


ds, 


ii(^s|[-T,0[!-^S+£) - u{Xg\[_rp Q[, Xs) 


ds. 


h{e,t) ^ / D^U{Xs)ds. 

£-:-0+ Jq 


Firstly, hx 7 G T, 0[) and dehne 


( 2 . 12 ) 

(2.13) 


(2.14) 


(fie,a) := u{'^{-— e),a), (e, a) G [0, oo[xM. 

Then, denoting by dfi fi the right partial derivative of fi with respect to e and using formula (|2.9p . 
we find 


(9+(/>(e, a) 


(?i>(g + r,a) - (/>(£, g) 
r->-0+ r 

tt( 7 (- - g), g) - tt( 7 (- - £ - r),a) 
r--:.0+ r 

—D^u{'y{- — e),a), V (g, a) G [0, oo[xM. 


Since u G ^^’^(past x present), we see from Dehnition l2.21l fiii. that dfifi is continuous on [0, cx)[xM. 
It follows from a standard differential calculus’ result (see for example Corollary 1.2, Chapter 2, 
in [21]) that is continuously differentiable on [0, oo[xM with respect to its hrst argument. Then, 
for every (g,a) G [0,oo[xM, from the fundamental theorem of calculus, we have 

4>{e,a) - c/){0,a) = / de(j){r,a)dr, 

Jo 
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which in terms of u reads 


u{l{-),a)-£),a) = I D^u{'y{- - r),a)dr. 


(2.15) 


Now, we rewrite, by means of a shift in time, the term /i(e,t) in (|2.12l) as follows: 


= [ 

Jo 


* u{Xs^[_rpfi[, Xg) - Xg) HXg^[-T, 0 [^ Xg) - u{Xg_gi[_Tfl[, Xg) 


-ds -\- 


i: 




-ds. 


Jo £ 

Plugging (I2.15P into (I2.16p . setting j = Xg,a = Xg, we obtain 

rt 


ds 


(2.16) 




Observe that 
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K/ D^H'^s-r\[-T,o[,Xg)dr^ds + ^{^Jo ^^^(^^-r\[-T,oi,Xg)dr^ds 

II' i Q' Il^w(X,_,|[_r,o[, Xg)dr^ ds. (2.17) 


^ D^u{Xg_,\[_T,o[,Xg)dr'^ds D^u{Xg)ds. 

Similarly, we see that the other two terms in p2.17l) converge ucp to zero. As a consequence, we 
get (imi) . 

Regarding / 2 (e,t) in (I2.13p . it can be written, by means of the following standard Taylor’s 
expansion for a function / G C'^(M): 


fib) = /(a)+ /'(«)(&-a) + ^/"(a)(6 - o)^ + ^ {1 - a){f''{a + a{b - a)) - f"{a)){b - a) 

as the sum of the following three terms: 

l 2 li^,t) = / daU{Xg\[_rp^Q[, Xg) 

Jo 


— aYda, 


Xg+e - Xg 


ds 


{Xg+g - Xgf 


l22{s,t) ~ 2 ^laH^s\l-T,0[,Xg) 

hoY,t) = J (^J (1 “ «)(5aa^(^s|[-T,0[5-^s + Q:(-^s+e —-^s)) 

- dluiX,\[_T,o[,Xg))^^^^+^^^da)ds. 


By similar arguments as in Proposition 1.2 of [25], we have 


l22Y,t) 


"gR 1 P‘2. 

£^o+ 2 


5iu(X,|[_T,0[,^s)d[^]. = ^ / D^^u{Xg)d[X] 


Regarding / 23 (e) t), for every cj G fl, define Yui '■ [0, T] x [0,1] x [0,1] —>■ M as 

Yujis,a,£) := (1 - a)dl^u{Xg\^_T^Q^{u}),Xg{uj) + a{Xg+g{u) - Xg{uj))), 
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for all (s,Q!, e) G [0,T] x [0,1] x [0,1]. Notice that is uniformly continuous. Denote its 
continuity modulus, then 

sup \l 23 {£,t)\ < [ 
tg[ 0 ,T] Jo S 

Since X has finite quadratic variation, we deduce that t) —>• 0 ucp as e —>■ O'*'. Finally, because 
of Io{e,t), Ii(e, t), / 22 (e, t), and / 23 (e, t) converge ucp, it follows that the forward integral exists: 

/ 2 i(e,t) ^ f dau(K,\i_T,oi,Xs)d-Xs= f D^u{Xs)d-Xs, 

£^0+ Jo Jo 

from which the claim follows. □ 

Remark 2.26 We notice that, under the assumptions of Theorem 12.251 the forward integral 
/q D^hl(Ks)d~Xg exists as a ucp limit, which is generally not required. □ 

We conclude this subsection providing the functional Ito formula for a map U: [0, T] x C'( [—T, 0]) 
^ M depending also on the time variable. Firstly, we notice that for a map U: [0, T] x C{[—T, 0]) —>■ 
M (resp. u: [ 0 ,T] x ^([—T, 0 ]) M) the functional derivatives D^U, D^U, and (resp. 

D^u, D^u, and D^^u) are defined in an obvious way as in Definition 12.231 (resp. Definition 
12.2011 . Moreover, given u: [0,T] x ‘^([—T,0]) —>■ M we can define, as in Definition 12.171 a map 
u: [0,T] X ^([—T,0[) X M —> M. Then, we can give the following definitions. 

Definition 2.27 Let I be [0, T[ or [0, T]. We say that u: I x ‘^([—T, 0]) —> M is o/ class ^^’^((/ x 
past) X present) if the properties below hold. 

(i) u is continuous] 

(ii) dtu exists everywhere on I x ‘^([—T, 0]) and is continuous] 

(hi) D^u exists everywhere on I x ^([—T, 0]) and for every 7 G ^([—T, 0[) the map 
(t, e, a) I— D^u{t, 7 (- — e), a), (t, £,a) £ I x [0, oo[xM 

is continuous on I x [0, oo[x]R; 

(iv) D^u and exist everywhere on I x ‘^([—T, 0]) and are continuous. 

Definition 2.28 Let L he [0,T[ or [0,T]. We say that U: L x C'([—T,0]) ^ M is C'^’^((/ x past) x 
present)) if U admits a {necessarily unique) extension u: I x ^([—T, 0]) —M 0 / class '^^’^((J x 
past) X present). 

We can now state the functional ltd formula, whose proof is not reported, since it can be done 
along the same lines as Theorem 12.251 

Theorem 2.29 LetU\ [0, T] x (^([—T, 0])—>■ M 6 e 0 /c/ass (^^’^(([O, T] x past) x present) and X = 
{Xt)t£[o^T] ® continuous finite quadratic variation process. Then, the following functional 

ltd formula holds, P-a.s., 

U{t,^t) = W(0,Xo)+ [ {dtU{s,Xs) + D^U{s,Xg))ds + [ D^U{s,Xg)d-Xg 

Jo Jo 

1 /"* 

+ - D^^U{s,Xg)d[X]s, (2.18) 

^ Jo 

for all 0 < t <T. 
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Remark 2.30 Notice that, as a particular case, choosing U{t,r]) = F(t, 77 ( 0 )), for any {t,ri) € 
[0,T] X C([—T,0]), with F € C'^’^([0,T] x M), we retrieve the classical Ito’s formula for finite 
quadratic variation processes, i.e. ()2.3p . More precisely, in this case admits as unique continuous 
extension the map u: [0,T] x ^([—T,0]) M given by u{t,r]) = F{t,r]{0)), for all {t,r]) € [0,T] x 
^([—T, 0]). Moreover, we see that D^U = 0, while D^U = dxF and D^^Li = d^xF, where dxF 
(resp. d'^^F) denotes the first-order (resp. second-order) partial derivative of F with respect to its 
second argument. □ 


2.4 Comparison with Banach space valued calculus via regularization 

In the present subsection our aim is to make a link between functional Ito calculus, as derived in 
this paper, and Banach space valued stochastic calculus via regularization for window processes, 
which has been conceived in [ 8 ], see also [iniiiiiE], and [7] for more recent developments. More 
precisely, our purpose is to identify the building blocks of our functional Ito’s formula (12.lip with 
the terms appearing in the Ito’s formula derived in Theorem 6.3 and Section 7.2 in [7]. While it 
is expected that the vertical derivative D^U can be identified with the term of the Frechet 

derivative, it is more difficult to guess to which terms the horizontal derivative D^IA corresponds. 
To clarify this latter point, in this subsection we derive two formulae which express D^IA in terms 
of Frechet derivatives of 14. 

Let us introduce some useful notations. We denote by BV{[—T,0]) the set of cadlag bounded 
variation functions on [—T, 0], which is a Banach space when equipped with the norm 

II^IIbv([-t,o]) := l^(0)l + lhllvar([-r,o])) f] ^ BV{[-T,0]), 

where ||T?||var([-r,o]) = \d'n\{[~F, 0 ]) and \dr]\ is the total variation measure associated to the measure 
dr] e A^([—T,0]j generated by rj: dr]{[—T,—t]) = r]{—t) — r]{—T), t e [—T,0]. We recall from 
subsection 12.11 that we extend rj e BV{[—T,0]) to all a; £ M setting ri{x) = 0, x < —T, and 
r]{x) = ??(0), X > 0. Let us now introduce some useful facts about tensor products of Banach 
spaces. 


Definition 2.31 Let {E, || • ||e) arid {F, || • \\p) be two Banach spaces. 

(i) We shall denote by E ® F the algebraic tensor product of E and F, defined as the set of 

elements of the form v = ® /o some positive integer n, where e G E and f G F. The 

map (8): E x F ^ E ^ F is bilinear. 

(ii) We endow E ® F with the projective norm vr defined as follows: 



V G E 0 F. 


(hi) We denote by E®t^F the Banaeh space obtained as the completion of E ® F for the norm vr. 
We shall refer to E^^^F as the tensor product of the Banaeh spaces E and E . 

(iv) If E and F are Hilbert spaees, we denote E®hF the Hilbert tensor product, which is still 
a Hilbert spaee obtained as the eompletion of E ® F for the scalar product {e' ( 8 * /^e" (81 f") ■= 
{e',e'')E{f,f')F, for any e’,e" G E and /',/" G E. 

(v) The symbols E®.,^ and denote, respeetively, the Banach space E®t^E and the element e®e 
of the algebraie tensor produet E ® E. 


Remark 2.32 (i) The projective norm vr belongs to the class of the so-called reasonable crossnorms 
Oi on E ® F, verifying a{e ® f) = ||e||E||/||F- 
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(ii) We notice, proceeding for example as in m (see, in particular, formula (2.1) in |llj : for more 
information on this subject we refer to m ), that the dual of is isomorphic to the 

space of continuous bilinear forms Bi{E,F), equipped with the norm || • \\e,f defined as 

\mE,F := sup I$(e,/)|, y^eBiiE,F). 

e€E,feF 

l|e||B>ll/l|F<l 

□ 


Definition 2.33 Let E he a Banach space. We say that lA: E is of elass C‘^{E) if 

(i) DU, the first Frechet derivative ofU, belongs to C{E;E*) and 

(ii) D^U, the seeond Frechet derivative ofU, belongs to C{E;Bi{E,E)). 

Remark 2.34 Take E = C([— T, 0]) in Definition 12.331 

(i) First Frechet derivative DU. We have 

DU: C{[-T,t)]) (C'([-r,0]))* ^7W([-r,0]). 

For every i] £ C'([—T, 0]), we shall denote DdxU^q) the unique measure in Al([—T, 0]) such that 

DU{r,)ip = [ ip{x)DdxU(n), V^GC7([-r,0]). 

Notice that 0]) can be represented as the direct sum Al([— T, 0]) = Mq{[—T, 0])©I1o) where 

we recall that 0]) is the subset of 0]) of measures g, such that /i({0}) = 0, instead 

Dq (which is a shorthand for Do([~^)0])) denotes the one-dimensional space of measures which 
are multiples of the Dirac measure (Jq- For every rj € C'([—T, 0]) we denote by {D)^JA{r]), D^°^U(r])) 
the unique pair in 0]) © Dq such that 

DMh) = DiU{r^) + D^lU{r,). 

(ii) Second Frechet derivative D^U. We have 

D'^U: C'([-r,o]) ^^i(c([-r,0]),c([-T,0])) - (C([-r,0])©^C7([-r,0]))*, 

where we used the identifications of Remark I2.32f iiil. Consider rj G C'([—T, 0]); then a typical 
situation arises when there exists Ddxdyhl{r]) in 7\4([—T,0]^) for which D‘^U{r]) £ Bi{C{[—T,0]), 
C'([—T, 0])) admits the representation 

D‘^U{rj){(f,f;) = f >p{x)ii{y)DdxdyU{ri), ^ 1 ^, 1 ) £ C{[-T,Q\). 

2 [-r,o ]2 

Moreover, DdxdyD{r]) is uniquely determined. □ 

The definition below was given in [8]. 

Definition 2.35 Let E be a Banach space. A Banach subspace {x, || ■ ||x) continuously injected 
''2 ''2 
into {E^.„.)*, i.e., || • ||;^ > || • will be called a Chi-subspace ( 0 /(Fi©,,.)*). 
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Remark 2.36 Take E = C'([— T,0]) in Definition 12.351 As indicated in [8], a typical example 
of Chi-subspace of C([—T, 0])®^ is A4([—T, 0]^) equipped with the usual total variation norm, 
denoted by || • ||var- Another important Chi-subspace of C'([— T, O])®^ is the following, which is 
also a Chi-subspace of Af ([—T, 0]^): 

Xo := {fi € M{[-T,0]‘^): ij.{dx,dy) = gi{x,y)dxdy + Xi6o{dx) iSi So{dy) 

+ g 2 {x)dx (g) \ 2 do{dy) + X^do^dx) 0 gz{y)dy + g^{x)5y{dx) ® dy, 

gi € L 2 ([-r, 0 ] 2 ), 52,53 e L2([-r,0]), 54 e L-([-r,o]), Ai,A2,A3 g m}. 

Using the notations of Example 3.4 and Remark 3.5 in m , to which we refer for more details on this 
subject, we notice that xo is indeed given by the direct sum xo = 0 ]^)©(L^([—T, 0 ])( 8 )ft,Do)ffi 

T, 0])) © 0]^) © Diagd—TjO]"^). In the sequel, we shall refer to the term 

g4^{x)5y{dx) © dy as the diagonal component and to 54 (x) as the diagonal element of g. □ 

We can now state our first representation result for D^IA. 

Proposition 2.37 LetU: C'([— T, 0]) W be continuously Frechet differentiable. Suppose the 

following. 

(i) For any rj G (7([—T, 0]) there exists D^U{r]) G BV{[—T,0]) such that 

DiUiv) = DfU{g)dx. 


(ii) There exist continuous extensions {necessarily unique) 


u: ^([-r,0]) ^M, Dfu: ^([-r,0]) ^ BV{[-T,0]) 


oflA and D^U, respectively. 
Then, for any rj G C'([—T, 0]), 


D^U{g) = [ Dl^llig)d+gix), (2.19) 

Jl-T,0] 

where we recall that previous deterministic integral has been defined in Section V2. 1. 1\ In particular, 
the horizontal derivative D^U{r]) and the backward integral in (I2.19P exist. 

Proof. Let rj G C'([—T, 0]), then starting from the left-hand side of (I2.19p . using the definition of 
D^U{r]), we are led to consider the following increment for the function u: 


u{g) - u{r]{- - £) 1 [- t , o [ + 5 ( 0 ) 1 { 0 }) 
e 


( 2 . 20 ) 


We shall expand (|2.20p using a Taylor formula. Firstly, notice that, since lA is Frechet on 
C'([—T, 0]), for every ig G C'([—T, 0]), with 51 (0) = 5 ( 0 ), from the fundamental theorem of calculus 
we have 

ri / rO \ 


U{r]) -U{r]i) = J l^J D^^h({r] +X{r]i-r])){r]{x)-r]i{x))dxjdX. 

Recalling from Remark 12.141 the density of ( 7 ^( 0 ) ([—T, 0]) in ^^(o)([“^, 0]) with respect to the 
topology of ^([—T, 0]), we deduce the following Taylor’s formula for u: 


u{i])-u{r]i) = 


D^u{r] + A(5i - r]))iv{x) - r]i{x))dx dX, 


'-T 


( 2 . 21 ) 
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for all ? 7 i G ^^(q) 0])- a matter of fact, for any <5 g] 0,T/2] let (similarly to Remark l2.14n il 


•= 


r/i(x), 


—T < X < —6, 


|(r/i(0)-r/i(-(5))x + r/i(0), -<5 < x < 0 


and rji^o := r]i. Then rji^s S ^'([“2^)0])) for any ^ €]0,T/2], and 771^5 —)• rji in ‘^([—T, 0]), as <5 —O"''. 
Now, define /: [—T, 0] x [0,1] x [0, r/2] ^ M as follows 

f{x,\,6) := D^^u{ri +X{rii^s-v))iri{x) 

for all (x. A, 5) G [—T, 0] x [0,1] x [0, T/2]. Notice that / is continuous and hence bounded, since its 
domain is a compact set. Then, it follows from Lebesgue’s dominated convergence theorem that 


t-T 


DfU{ri + A(? 7 i ,5 - r])){r]{x) - r]i^ 5 {x))dx ]dX 


/(x. A, 6)dx ] dX 


l-T 

i: 


<5^0+ 


/(x. A, 0)dx ] dX 


l-T 


+ X{r]i - r])){r]{x) - r]i{x))dx idA, 


from which we deduce (12.211). since Zdfm .?1 —)• u(v^) as 6 ^ O'*'. Taking m(-) = n(- — el 1[-T,0[ + 
r/(0)l{o}, we obtain 

u{r]) - u{A- - e)l[-T,o[ + d(0)l{o}) 


DTuA + Adi- - e) - VA) l[-T,o[) ——— —dx 1 dX 


l-T 


= hiv,^) + hiv,^) + 


where 

hir],e) := j ^Ax)^{pfu{r] + XA{-- - A-))\-t,A 

- Dl\^u{r] + XA{- - - d{-))\-Tfl\))dx^dX, 

hA^e) := ^ Ax)D%%u{ri + XA{--^)-d{-)A[-Tfi^dx^dX, 

13 ( 77 , e) := (^j ^ Ax)Dl%^u{r] + X{r]{--e)-A-))M-T,o[)dx'^dX. 


Notice that, since t]{x) = 0 for x < —T, we see that = 0- Moreover, since D^u{-) = Dq^u{-), 

for X > 0, and 77 + X{r]{- — e) — r7(-))l[_ro[ —> ^7 in ^([—T, 0]) as e —?■ 0+, it follows that (using 
the continuity of D^u from ^([—T, 0]) into BV ([—T, 0]), which implies that Dq^uA + XA{' ~ ~ 

77(-))l[-r,o[) ^ as e ^ 0+) 


1 

e 


Ax)Dl%^u{r] + XA{- 


- e) - A-)A[-Tfi^dx 
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£->■ 0 + 


7?(0)L>g'='u(7?). 


- f r]{x)dx D^^u{r] + A(r/(- - e) - ??(•)) l[-T,o[) 
^ J —e 


Finally, concerning Ii{r],e), from Fubini’s theorem we obtain (denoting := r/ + X{r]{- — e) — 

^(•))l[-r,o[) 

fl / rO 

hiv,^) = i 


i-T 


vix)^[D^''u{Ve,x) - D^%u{r]e,\))dxjdX 
V{x)^( j D^lu{r]e,x)]dx']dX 

\ J kC,iE-r£i / / 




1 


rOAj/ 


]-T,e] £ Vi(-T)V(j/-£) 


r}{x)dx\Dllu{'qe,x)]dX = e) +/i2(r?, e), 


where 


/ii(r 7 ,e) := - 


h2(r],e) := - 


1 


i-OAy 


l]-T,e] £ \J{-T)\/{y-e) 

r 1 / 


r]{x)dx^ [Dfyu{'q^^x) - DfyU{r])^'^dX, 


r]{x)dx\Dfu{r])\dX 
]-T,e]£\J{-T)y{y-s) J ' 

OAy \ 

ri{x)dx\Dfu{'n). 
(_T)v(j/-£) J 


I -if 

J]-T,e] £ V Ji- 


Recalling that D^u{-) = Dq'^u{-), for x > 0, we see that in Iii{rj,e) and Ii 2 {r],e) the integrals on 
] —T,e] are equal to the same integrals on ] — T, 0], i.e., 

Kr 

Jo \J]-T,0] £ \J{-T)\/(y-e) 


0 \ J]-T,0] 


r]{x)dx'^ {DfyU{'qe,x) - DfyU{'q)^'^dX 
^ ( y r]{x)dx^ [DdyUiV6,x) - DfyUiri)) ) dX, 


luiri,^) = - [ -( [ d{x)dx]Dfu{ri) = - f -( f ri{x)dx\ Dfu{r]). 

J]-T,0]^\J(-T)\/{y-e) J J]-T,0] ^ \ J y-e J 


Now, observe that 


\hi{v,£)\ < ||??||oo||-D“w(h£,A) --C>“';^(?7)||var([-r,o]) 0. 

Moreover, since rj is continuous at y s] — T, 0], we deduce that Jy_^rj{x)dx/£ —>■ r]{y) as e —>■ O"''. 
Therefore, by Lebesgue’s dominated convergence theorem, we get 

/i 2 (h,£) - [ diy)DTyU{'n)- 

J]-T,o] 


In conclusion, we have 


D^U{ri) = 'q{Q)Dl^u{vi) - f i]{y)D^lu{r]), 

J]-T,0] 

which gives (I2.19|) using the integration by parts formula (12.51) and noting that we can suppose, 
without loss of generality, D^lU{r]) = DQ^ly{{r]). □ 

For our second representation result of D^IA we need the following generalization of the deter¬ 
ministic backward integral when the integrand is a measure. 
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Definition 2.38 Let f: [— T, 0] —)> M 6e a cddldg function and g G Ai([—T, 0]). Suppose that the 
following limit 

[ g{ds)d'^f{s) := lim f g{ds)^^^ - 

exists and it is finite. Then, the obtained quantity is denoted by /[_ 2 ’o] 5^"*"/ called {determin¬ 
istic, definite) backward integral of g with respect to f {on [—T, 0]). 

Remark 2.39 Notice that if g is absolutely continuous with density cadlag (still denoted by g) 
then Definition 12.381 is compatible with the one in Definition 12.71 □ 


Proposition 2.40 LetlA: C([—T, 0]) ^ M 6e twice continuously Frechet differentiable such that 
D^U: C'([—T, 0]) —> xo C (C([—T, 0])(8)7rC'([—T, 0]))* continuously with respect to xo- 


Assume that there exist continuous extensions (necessarily unique) 

u: ^([-r,0]) ^ M, i^{[-T,0]) ^ xo 

of U and D^^^yU, respectively. Let g G C'([—T, 0]) be such that the (deterministic) quadratic 
variation on [—T, 0] exists and suppose also the following. 

(i) Dx'^^‘^^U{g), the diagonal element of the second-order derivative at g, has a set of disconti¬ 
nuity which has null measure with respect to [g] {in particular, if it is countable). 

(ii) The horizontal derivative D^U{g) exists at g. 


Then 

D^U{g) = [ DiU{g)d+g{x)-l [ Dl’^^-sU{g)d[g]{x). (2.22) 

In particular, the backward integral in (I2.22|) exists. 

Proof. Let g be as in the statement of the proposition. Then, using the definition of D^lA{g) we 
are led to consider the following increment for the function w. 


u{g) - u{g{- - e)l[_T,o[ + ??(0)l{o}) 
e 


(2.23) 


with e > 0. Our aim is to expand (j2.23p using some Taylor formula. To this end, we begin noting 
that, since U is Frechet, for every gi G C'([—T, 0]) the following standard Taylor’s expansion 
holds: 


ll{gi) = U{g)+ [ DdxU{g){7]i{x) - g{x)) + ^ / Dj,^a U{g){gi{x) - g{x)) {gi{y) - g{y)) 
J[-Tfl] 2 y[_T,0]2 

^ lo To ]2 + Hm - v)) - Ddxdy^iv)) iviix) - vix)) imiy) - v{y))'^dx. 


Now, using the density of 0^(0) ([“^) 0]) into 0]) with respect to the topology of the space 

‘^([—r, 0]) and proceeding as in the proof of Proposition 12.371 we deduce the following Taylor’s 
formula for u: 


u{g) - u{g{- - £) 1 [- t , o [ + ??(0)l{o}) 
e 





g{x) — g{x 
£ 


e) 


(2.24) 
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^ i[-r,o ]2 

-l>-< 


ivix) - v{x - e)){r]{y) - rj{y - e)) 


^-T,o[x[-T,o[{x,y) 


- D 


dx dy' 


Ddxdyuiv + A(r/(- -e)- ??(-))l[-r,o[) 

[-T,0]2 ' " 

ivix) - v{x - e)){y{y) - y{y - e)). 


■1[-T,0[x[-T,0[(^) y) 


Recalling the definition of xo given in Remark 12.361 denoting by Dx'y W(y) G L^([—T, 0]^) the 
element <71 and by G L°°([—T, 0 ]) the diagonal element of D‘^xdy^ixi), we notice 

that (due to the presence of the indicator function o[x[-r,o[) 


Ti,A^{x)-g{x-£)){'n{y)-y{y-e))^ ^ 

, ^dxdy^yV) -■*-[-T,0[x[-T,0[(^!yj 

'[-T,0]2 £ 

J[-r,o ]2 £ 

J[-T,0] £ 


We denote by D^'y u and Dx’^^°‘^u the extensions of Dx’y U and to T, 0]), respec¬ 

tively, which are continuous. In particular, (I2.24|l becomes 


u{g) - u{i]{- - e)l[-T,o[ + y(0)l{o}) 


— /i(e)-|-/2(£) + .f3(£) +-f4(£) + .f5(£)) 


(2.25) 


where 


_i_ , . rj{x) — g{x — s) 


h{e) ■■= [ Dj[JA{g) 

J[-T,0\ 

W) .= -i / DlfU(^) *’'<"> ~ ~ ~ ~ d^dy, 

2 7f-T.0l2 ^ £ 


He) := -5 


D 


l-T,0] 




74(£) := - 


[ (l-A)/"/ (Dl’fu{y + X{y{--£)-y{-))l[_T,o[) 

- Dlfmn)) H 


hie) := - [\l - A) 

JO 

Firstly, we shall prove that 


Dj““»Kh + A(,(--e)-,(0)l|_T.(,|) 

l-T.O] ' 

{g{x) — g{x — e))^ 


dx dA. 


hie) 0 . 


(2.26) 


To this end, for every e > 0, define the operator h ■ 7a^([—T, 0]^) ^ M as follows: 


Ted = / gix,y) 

7[-t,o]2 


ivix) - vix - e))iyiy) - giy - e)) 


dxdy, Vff GL 2 ([-r, 0 ] 2 ). 
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Then € L^([—T,0])*. Indeed, from Cauchy-Schwarz inequality, 


< lbllL2([-T,0]2)1 

= llfi'llL2([_'r^o]2) 


{r]{x) - r]{x - e)Y{r]{y) - r]{y - e)^ 


J[-T,o]2 £■ 

[-TO] ^ 


dx dy 


dx 


and this last quantity is bounded with respect to e since the quadratic variation of rj on [—T, 0 ] 
exists. In particular, we have proved that for every g G L^([—T, 0]^) there exists a constant Mg > 0 
such that 


sup \T^g\ < Mg. 

0<e<l 


It follows from Banach-Steinhaus theorem that there exists a constant M > 0 such that 


sup ||T’e||L2([-T,0])* ^ (2.27) 

0<e<l 

Now, let us consider the set S := {g ^ L^([—T, 0]^): g{x,y) = e{x)f{y), with e,/ G C'^([—T, 0])}, 
which is dense in L^([—T, 0]^). Let us show that 

T,g 0, ygeS. (2.28) 

Fix g £ S, with g{x,y) = e{x)f{y) for any {x,y) G [—T,0], then 

Teg = - [ e{x){g{x) - g{x - £))dx [ fiy){v{y)-v{y-^))dy. (2.29) 

e J[-T,0] J[-T,0] 


We have 


'[-TO] 


e(x)(? 7 (x) — g{x — e))dx 


'[-TO] 


[e{x) — e{x + £)'jg{x)dx 


I e{x + £)g{x)dx + / e{x + £)g{x)dx 

l-T-e-T] J[-e,0] 


< £ 


'[-TO] 


\e{x)\dx + 2 ||e| 


CO I '/ CO‘ 


Similarly, 



f{y){v{y) - v{y - ^))dy 


Therefore, from (I2.29P we find 



\f{y)\dy + 2 ||/||oo^ 


M 


OO ■ 


\Teg\ < / |e(x)|dx + 2||e||oo) f / l/(2/)l'^y + 2||/||oo) ||?7llL> 

which converges to zero as £ goes to zero and therefore ()2.28p is established. This in turn implies 
that 

r,5 0, V77GL2([-r,0]2). (2.30) 

Indeed, fix g( G L^([—T, 0]^) and let {gn)n C <S be such that ^ 5 in L^([—T, 0]^). Then 

iFg ( 7 I < \T^{g — gn)\\Te gn\ ^ II^£||l 2 ([—r,o] 2 )* ll^ “ S'n||i,2Q_7’Q]2) + IT^ g(^|. 
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From (12.271) it follows that 


\Teg\ < ^I\\g — 9n\\L'^{[-T,0Y) + \Te gn\-, 


which implies limsup£^o+ l^eS'l ^ ^\\g ~ 5 'n||L 2 ([-T,o] 2 )- Sending n to inhnity, we deduce (12.301) 
and hnally (|2.26l) . 

Let us now consider the term / 3 (e) in ()2.25l) . Since the quadratic variation [ry] exists, it follows 
from Portmanteau’s theorem and item (i) that 


h(e) = f 

7f-T,0l £ 


Dl’^^^^U{g)d[v]{x) 


[-T, 0 ] £ £-^> 0 + J[-T, 0 ] 

Regarding the term /4(e) in (|2.25l) . let [0,1]^ L^([—T, 0]^) be given by 

= -C)2’-^"u(ry + A(?7(--e)-77(-))l[_T,o[)- 

By assumption, is a continuous map, and hence it is uniformly continuous, since [0,1]^ is a 
compact set. Let denote the continuity modulus of then 

||L>.^.’^"u(ry + \{ri{- - e) - ry(-))l[_r,o[) - ^•^•^"^(^)|L 2 ([-t,o] 2 ) 

= Il0r;(e, A) - (^>,,(0, A)||i2([_'r_o]2) < 

This implies, by Cauchy-Schwarz inequality. 


L ~ / T 0]2 ^ 


-D 


< 


2 ,L2 

xy 


(ry(x) - g{x - e)){g{y) - g{y - e)) 


dx dy ) d\ 


{g{x) - g{x - £)Y{g{y) - g{y - £)Y 


/ (1 - \)\\D‘^i^\{p + A(ry(- - e) - 77(-))1 [_t,o]) 
7o 

</'(I-AW,,(.)(/ 

Jo V7f-T,0l e / 

= I 


dx dy dX 


[-TO] 

(ry(x) - g{x - s))^ £^o+ 


' [-TO] £ 

Finally, we consider the term / 5 (e) in (12.251) . Define ipri' [0,1]^ —>■ L°°([—T, 0]) as follows: 

ipr,i£,X){-) = A(r 7 (--e)-ry(-))l[_r,o()- 

We see that ipri is uniformly continuous. Let denote the continuity modulus of iprj, then 

\\D^-°‘'‘>u(r, + A(,(. -e)- .,(-))l|-T,o[) - 

= ll'/’.,(e.A) - A)||i»|[_,-_i,l, < p*,{e). 

Therefore, we have 

fi 


Jo V7[-r,o] 


D 


2,Diag 


u{p -h \{g{- - e) - ry(-))l[-T,o[) 
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= I 


-T,0] £ / 

{r]{x) - r]{x - e ))2 e-^o+ 


0 . 


'[-r,o] 


In conclusion, we have proved that all the integral terms in the right-hand side of (j2.25l) . unless 
/i(e), admit a limit when e goes to zero. Since the left-hand side admits a limit, namely D^U{ri), 
we deduce that the backward integral 


/i(e) = f ^^ j Dj[JA{'q)d-^j]{x) 

exists and it is hnite, which concludes the proof. 


□ 


3 Path-dependent SDE and Kolmogorov equation 

3.1 The framework 

Consider on (12, J',^) a real Brownian motion W = {Wt)t>o- We denote by F = the 

natural filtration generated by W, completed with the P-null sets of Fix a finite time horizon 
T €]0,oo[ and let C'([—T,0]) be the Banach space of all continuous paths r]: [—T,0] —>■ M endowed 
with the supremum norm ||? 7 ||oo = sup 3 ,g[_ 2 ^Q] \rj{x)\. For any G [0,r] x C([—T, 0]) consider 

the following path-dependent SDE (recall that X is the window process associated to X, see (12.11) 1 

(dXs= b{s,Xs)dt-\-a{s,Xs)dWs, t<s<T, 

1 ^X 5 = r]{s — t), —T-\-t<s<t, 

where the coefficients b and a satisfy the following assumption. 

(HI) b,a: [0, T] X C([—T, 0]) — )• M are Borel measurable functions satisfying, for all t € [0,r], 

77,77'GC([-r,o]), 


|6(f,77)1-h |cr(t,77)1 < Mi(l-h llr/lloo), 
+ k(t,v) - o-(t,rf')l < Lillr/- r/'lloo, 


for some positive constants Mi and Li. 


Proposition 3.1 Under Assumption (HI), for any {t, 77 ) G [0, T] xC{[—T, 0]) there exists a unique 
(up to indistinguishability) ¥-adapted continuous process X^’^ = (Xs’'^)[_'r_|_i 7 ^] strong solution to 
equation dSH). Moreover, for any p > 2 there exists a positive eonstant Cp (depending only on 
p,T,Mi) such that 


E 


sup \Xl’^\^ 

sel-T+t,T] 


< C,(1 + ||77||S,). 


(3.2) 


Proof. Since Hypotheses (14.15) and (14.22) in [17] are satisfied under (HI), the existence 
and uniqueness part follows from Theorem 14.23 in m- Concerning (|3.2p . raising to the p-th 
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power both sides of equation (13.11) . recalling that (xi + • • • + XnY < + • • • + Xn), for any 

2 : 1 , • • • j > 0, we obtain (X*’'? is the window process associated to see (I2.1D ') 


I 

K^s I 


< 3^-^ |r/(0)r + 


b{r, Xl’^)dr 


+ 


a{r,Xl’'^)dWr 


Set = sup^£[_ 7 '_|_j s] for all s € [t,T]. Then, we have 


rt,ri 


< 3P 


-1 


IIS 0 + sup 


u£[t,s] 


b{r, Xl’P)dr 


+ sup 


^ a{r,Xl’P)dWr 


(3.3) 


From Holder’s inequality, we get 

^ < {s-t)P-^ \b{rXr'^)\^dr. (3.4) 

On the other hand, from Burkholder-Davis-Gundy’s inequality and Holder’s inequality, it follows 
that there exists a positive constant Cp, depending only on p, such that 


sup 

ru 

/ a{r,XXdWr 

V 

< CpE 

r\a{r,X\;P)?dr 

P - 
2 

_ u^[t,s] 

Jt 



Jt 

- 


sup 

MSft.sl 


b{r, Xi’P)dr 


< Cp{s — t)2 


airXr"’)fdr 


(3.5) 


Taking the expectation in (j3.3j) . then exploiting (j3.4p and ()3.5|) . afterwards using the linear growth 
condition of b and a in (HI), we see that there exists a positive constant Cp, depending only on 
p,T,Ml, such that 


XX < Cp{l + MP^+l\[XT]dr), Vs€[t,T]. 

We can now deduce estimate (13.2p from an application of Gronwall’s inequality. □ 

Our aim is to study the following path-dependent Kolmogorov equation, which turns out to be 
related to (j3.ip : 

' dtU + D^U + b{t,r])D^U 

< +\a{t,gfD^^U + F{t,g,U,a{t,p)D^U) = 0, V(t, 7 ?) € [0,r[xC([-T,0]), (3.6) 

W(r,7?) = HX, Vr?eC([-T,0]), 

where F; [0,T] x C'([—r,0]) x M x M —>■ M and H: C([—T,0]) M are Borel measurable functions. 


Remark 3.2 As already recalled, our functionals are defined, differently from [3], in such a way 
that time t and path 77 are not related to each other, so that the non-anticipative property imposed 
by [3] is automatically satisfied. More precisely, the non-anticipative property is implicit in the 
definition of our functionals, since given a pair (f, rj) the path 77 always represents the past up 
to time t. Indeed, in general 77 stands for a path of X^, which is the path of the process X on 
[-T + t,t]. □ 
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3.2 Strict solutions 

We introduce the concept of strict solution to equation (13.61) and then study its well-posedness. 


Definition 3.3 A map U: [0,T] x C'([—T,0]) — >■ M in (^^’^(([O, T[xpast) x present) D C{[0,T] x 
C'([—T, 0])), satisfying equation ()3.6p . is called a strict solution to equation ()3.6p . 

Let us begin focusing on the uniqueness of equation (13.61) . Actually, we shall prove a stronger 
result, namely, that any strict solution of ()3.6p can be represented in terms of a backward stochastic 
differential equation. For this probabilistic representation formula, it is convenient to introduce 
the following spaces of stochastic processes. 

• SP(t,T), p > 1, 0 < t < T, the set of real-valued continuous F-adapted stochastic processes 
Y = {Ys)t<s<T satisfying 



• MP{t,T), p > 1, 0 < t < T, the set of real-valued F-predictable stochastic processes Z = 
{Zs)t<s<T satisfying 



< CX). 


Theorem 3.4 Suppose that Assumption (HI) holds. Let F: [0,T] x C'([—T, 0]) x M x M —>■ 
M, H: CP)—T, 0]) M be Borel measurable maps and consider a strict solution U: [0,T] x 

C'([—r, 0]) —> M to equation (j3.6|) . satisfying, for some constants C,m>0, 


\F{t,V,y,z) - F{t,r],y',z')\ < C{\y - y'\ + \z - z'\), 
\H{r])\ + \F{t,r],y,z)\ + \U{t,r])\ < C{l + \\r]\\^), 


(3.7) 



backward SDE: F-a.s., 



t < s <T. (3.9) 


As a consequence, there exists at most one strict solution to equation dMl) satisfying a polynomial 
growth condition as in (HZ]). 

Proof. Take (t, p) G [0, rpxCPP— T, 0]) and define, for any t < s <T, 



Let To G [t,T[, then an application of the functional Ito formula (j2.18p to U{s,Xs^), yields (recall 
that U solves equation ()3.6p ) 
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To conclude to the validity of (j3.8l) we have to take the limit Tq —>■ T in (I3.10p . To this end, it is 
enough to have a uniform (with respect to Tq) bound on the norm of in Tq). This follows 
from the following standard estimate for backward SDE, see Proposition B.l of Appendix in [6], 
with K = 0: 

\Zl’^\^ds < +E^^|F(s,X*’^0,0)|2ds^, VTq G [t,T[, 


where C is a positive constant, depending only on T and C. From estimate (I3.2I) . we get, for any 

P>2, 


E 


sup I 

t<s<T 


rh»7i 


< oo. 


(3.11) 


Notice that from the polynomial growth condition of U and ()3.1ip we have ||y*’^||s2(t,T) < oo, 
therefore Y G S^(f,T). As a consequence, using monotone convergence theorem, we obtain 


E 


I 7t,ri\2 

\^S 




This implies, using estimate (13.lip and the polynomial growth condition of F, that Z G 
Moreover, from the uniform Lipschitz property of F with respect to {y,z), we see that E J) \F{r, 
, Yr'^, Zr^)\'^dr < oo. In conclusion, we can send Tq —>■ T in p3.10l) and obtain the probabilistic 
representation formula (13.81) . 

As it is well-known that there exists a unique solution (Y^’’^, Z^’’^) G S^(f,T) x E[^(t, T) to the 
backward SDE ()3.9p (see, e.g.. Theorem 4.1 in m), we deduce the uniqueness result for U. □ 


We now provide two existence results, i.e.. Theorem 13.51 and Theorem 13.61 for strict solutions 
to equation ()3.6p . when the coefficients have a cylindrical form. First, we consider the case where 
F does not depend on {y,z), then we address the general semilinear case. 


Theorem 3.5 Suppose that F = F{t,r]) does not depend on {y,z) and there exists N G N\{0} 
such that, for all {t,r]) G [0,T] x C'([—T, 0]), 


where 


b{t,r]) = b 


W. 


(pi{x + t)d r]{x),..., ipNix + t)d r]{x)], 

-t,o] J[-h0] 


a{t,r]) = crit, (pi{x + t)d r/(x),..., / (pN{x + t)d r]{x)], 

\ j[-t,o] A-tfi] / 


F{t,r]) = F[t, (pi{x + t)d r]{x),..., ipNix + t)d r]{x) ], 

V J[-t,o] J[-h0] 

H{r]) = H 


/ ipi{x + T)d r]{x),..., ipNix + T)d r?(x) ), 

'[-TO] -li-TO] 


(i) b and a are continuous functions, with first and second spatial derivatives continuous and 
satisfying a polynomial growth condition. Moreover, for all (t,x) G [0,T] x xi,X 2 G R'^, 

|6(f,x)||a(f,x)| < Mi(1-F|x|), 

\b{t,xi)-b{t,X2)\ + \d{t,xi) - a{t,X2)\ < Zi|xi-X2|, 

for some positive constants Mi and Li. 
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(ii) F is continuous and, for all s G [0, T], the function F{s, •) belongs to and its second 

order spatial derivatives satisfy a polynomial growth condition uniformly in s. 

(iii) H G and its second order spatial derivatives satisfy a polynomial growth condition. 

(iv) ^ C‘^{[0,T]). 

Then, the function U given by 


h({t,r]) = E 


rT 

F{s,X^^^)ds + 


V(t,r?) G [0,T] xC'([-r,0]), 


is a strict solution to equation (IMl). 

Proof. Fix {t,r]) G [0,T] X C'([—T,0]) and remind that, for any r G [t,T], 


r]{r — t + x), —T < X < t — r, 
t — r < X < 0. 


■^r+xi 


Xl'^ix) = 

Then, can show that, for any i = 1,... ,N and r G [t, T], P-a.s. we have 

[ (pi{x + r)d~Xl’'^{x) = [ (pi{x + t)d~r]{x) + [ ipi{u)dXlf>, 
Jf-r.Ol Jt 


(3.12) 


where the left-hand side is intended P-a.s. as a deterministic forward integral. Indeed, the approx¬ 
imation of the left-hand side of (|3.12l) is given P-a.s. by 


ir^{x -|- e) — Xr^{x) 


/ ipi{x + r)- 
J —r—e 

/ t—r 

(fi{x -h r) 

-r—e 

, , nix -|- e) — nix) 

ipi{x + t)^ - ' -^ 

-t—e ^ 


dx 


^ J t—r ^ 

pr 

dx+ <fi{u) —- —du. 


rt,ri 


Since ^pi G C^([0,T]), by Proposition 12.111 the left-hand side of the previous chain of equalities 
goes P-a.s. to 

Pi{x -|- r)d~Xl:^{x). 


[-r,0] 


Using again Proposition 12.Ill we have 
/•O 

/ ipi{x + t) 

J —t—e 


r]{x g) - Vi^) £^o+ 


'[-r,0] 


(pi{x + r)d g{x). 


Finally, taking into account Definition 12.11 and Proposition I2.5l fiiih we deduce the following con¬ 
vergence in probability 



p.{u) ^ du 


e^0+ 
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from which (13.121) follows. Therefore, equation (13.ip becomes for all s G [t,T], 


Xi’’^ = ? 7 ( 0 )+ //6^r, + r]{x) + .. .^dr 

+ + + f[ V’i{u)dXu'^,.. .'^dWr, t<s<T, 

Xt’’^ = r]{s — t), -T + t < s <t. 

For any {t, x) S [0, T] x consider the system of equations in (we denote = {tpi ,..., pn)) 

pr pr 

X*’^ = x+ / ip{u)b{u,X^^^)du + / ip{u)d{u,X^^^)dW^, VrG[t,T]. (3.13) 

Jt Jt 

Under assumption (i) on b and d, it is well-known (see, e.g.. Theorem 1.1, Chapter 5, in [15]) that 
there exists a unique (up to indistinguishability) continuous process = 

(Xr^)j.g[j2^] solution to (I3.13p . Notice that, when x = (xi, ... ,XAr) G R'^ is given by 


Xi = 


[-t,o] 


(pi(x + t)d r]{x), 


then, by uniqueness of p3.13p and p3.12p . 




J[-r,0] 

As a consequence, we obtain 

rT 


Pi{x + r)d X(.’^(x) = [ ipi{x + t)d r]{x) + f ipi{u)dX^'^. (3.14) 

J[-t,o] Jt 


U{t,r]) = E 
= E 


^ F{s,Xl’^)ds + 


f f pi{x + t)d r]{x) + [ ipi{u)dXlp,... ]ds 

Jt V J[-t,o] Jt 


+ H 

= T 


., f ipi{x + t)d r]{x)+ f (pi{u)dX*^'^ ,.. 

J[-t,o] Jt 

it, (pi{x + t)d~r]{x),..., (Pn{x+ t)d~rj{x)), 

V J[-t,o] J[-t,o] J 


where 


T(t,x) = E 


rT _ 

F{s,X^^^)ds + H{X^p^) 


v(t,x) € [o,r] X 


t,N 


Notice that T G C([0,T] x R^''), as a consequence of the continuous dependence of X^’^ on (t,x) 
and of the standard estimate supjg[o,r], |x|<ij®"[suPsg[i^ 7 ’] < oo, for any p > 1 and R > 0. If 

F = 0, it follows from Theorem 6.1, Chapter 5, in [15], that T G C^d([o,r] x R^) and satishes the 
following backward parabolic equation: 


(9tT(t,x) pi{t)b{t,x)Dj;^'i/(t,x.) 

[T(T,x) = F(x), 


V(t,x) e [o,r[xR^, 
Vx G R^. 
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When F ^ 0, the result is still true and the proof is based on Duhamel’s principle. More precisely, 
we fix s € [0, T] and consider the following equation: 

' = 0, V(t,x) e [0,s[xM^, (3.15) 

_ x) = F{s, x), Vx G . 


Let A := {(s, t) € [0, T] x [0, T]: 0 < t < s} and define the map 
A X M 

(s,Lx) 1-^'I''^(t,x) = E[.F(s,X*’^)], V (t, x) G [0, s] X M^. 


Notice that 'L(-, ■) € C{Ax M'^), as a consequence of the continuous dependence of Xs^ on {s, t, x) 
and of the standard estimate supjg[o,T], |x|<H®'[suPrG[ 4 ,T] iXr’^j^’] < oo, for any p > 1 and R > 0. 
Using again Theorem 6.1, Chapter 5, in m, we see that, for any s G [0,T], the function 
belongs to C'^’^([0, s] x M'^) and satisfies equation (|3.15p . Moreover, from the proof of Theorem 
5.5, Chapter 5, in m, we see that, for any i = 1,... ,N, the map Ha,.'!'■(•, •): A X ^ M is 
continuous. As a consequence, it follows from (I3.15D that the map 5*•): A x ^ M is also 
continuous. Then, by direct calculation, we see that 'h, which can be written as 


^(Lx) 



F(s,X*’^)ds + H(X^^) 



^'*(f,x)ds + E[H(X^^)], 


is a classical solution to the backward parabolic PDE 


5t^'(f,x) + Pi(t)6(Lx)Ha;.^'(t,x) 

^ +F(t,x) = 0, V(t,x) G [0,T[xM^, (3.16) 

_^'(r,x) = iL(x), VxGM^. 


Finally, we derive formulae for the derivatives of U, expressed in terms of the derivatives of \k. We 
begin noting that, taking into account Proposition 12.111 we have 



ipi{x + t)d ri{x) 


fO 

r]{0)ipi{t) - J r]{x)ipi{x+ t)dx, 


V77GC([-r,0]). 


This in turn implies that U admits a continuous extension (necessarily unique) u: ^([—T, 0]) ^ M 
given by 


u{t,r]) = ^ t, / ipi{x + t)d r]{x),..., cpN{x + t)d r]{x) ], 

V Jl-t,o] J[-t,o] J 

for all (t,?/) G [0,T] x ^([—T,0]). We also define the map u\ [0,T] x ‘^([—T,0[) x M —> M as in 

(I2SI): 


u(t, 7 ,a) = u(t,7l[_T,o[+ al{o}) = ... ,a(pi{t) - J 'y{x)<fi{x + t)dx,...'^, 

for all (t, 7 ,a) G [0,T] x ‘^([—T, 0[) x M. Let us evaluate the time derivative dth((t,r]), for a given 
(L7)G[0,r[xC([-r,0]): 


dtU{t,rj) = / (pi{x + t)d r]{x),..., / (fjsfix + t)d i]{x) 
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+ y^ [ (Pi{x + t)d r]{x), .. .']dt( [ (pi{x + t)d i]{x) 

^ V j \J{-m 


Notice that 


dt( [ ipi{x + t)d r]{x)] = dt(r]{0)ip{t) - [ r]{x)ipi{x + t)d: 

\J[-t,o] J V J-t 

fO 

= rj{0)(p{t) - - J r]{x)(pi{x + t)d: 

Let us proceed with the horizontal derivative. We have 

D^U{t,T]) = D^u{t,r]) = D^u{t,r]\[_Tfi[,r]{0)) 


= lim 
£->■ 0 + 


u{t, v{0)) - u{t, ??|[-T,0[(- - e), ??(0)) 


1 


e-i>0+ V e 


1 


= lim r]{x)(pi{x+ t)dx,... 


i-t 


- 'if - / ri{x - e)(pi{x + t)dx, 


'-t 


From the fundamental theorem of calculus, we obtain 

[ r]{x)(pi{x + t)dx,... 


i-t 


- 


t,..., ri{0)ifi{t) - j r]{x - e)(pi{x + t)dx,.. 

N . 0 

^ ( t, • • •, T/(0)(/?i(t) - r]{x- y)ipiix + t)dx,... r]{0)ipi{t) 

i=l ^ 

j i]{x-y)(pi{x + t)dx'^dy. 


If 

rO 



Notice that 


dy(^ri{0)ipi{t) - J r]{x - y)fi{x + t)dx^ = r]{x)(pi{x + y + t)dx 


"-y 


= -[v{-y)^i{'t) - v{-t - ) + / y{x)ipi{x + y + t)dx 

J-t-y 


Therefore 


D^U{t,y) = - 


...,7?(0)v9i(t) y{x-y)ipi{x + t)dx,..^(^{-y)fi{t) 

- r]{-t - y)fi{G^) + f r]{x)ipi{x+ y+ t)dx)dy 

J-t-y / 

- v{ 0 )(Pi{t) - J v{x)(Pi{x + t)dx ,... ^ (y{0)ip{t) - rj{-t)ipi{0+) 
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— J r]{x)ipi{x + t)dx ]. 


Finally, concerning the vertical derivative we have 

D^U{t,iT) = D^u{t,r]) = 5ah(t,r/l[_T,o[ + ??(0)l{o}) 


(pi{x + t)d ri{x),.. 

V Jl-t,o] J 


and 




^vv 


‘Pi{x + t)d 7]{x),...'\ipi{t)ipj{t). 

V J[-tM ) 


From the regularity of 'h, we see that U € C^’^(([0, r[xpast) x present)) nC'([0,T] x C'([—T,0])). 
Furthermore, as ^ is a solution to (|3.16l) . it follows that U solves equation (I3.6p . □ 

Theorem 3.6 Suppose that there exists N N\{0} such that, for all {t,r],y, z) G [0, T] xCPP—T, 0]) 
xM X M, 


b{t,r]) 

a{t,rj) 

Fit,v,y,z) 

H{v) 


where 


I (pi{x + t)d ri{x),..., ipN{x + t)d r]{x) 
[- 4 , 0 ] J[-t,0] 


a 


[- 4 , 0 ] 


ipi{x + t)d r]{x),..., / ipN{x + t)d r]{x) 


[- 4 , 0 ] 


F( t, / ipi{x + t)d ri{x),. 


[- 4 , 0 ] 


ipNix + t)d r]{x),y,z], 


H 


/ ipi{x + T)d ri{x),..., (pN{x + T)d r?(x) ), 

l[-T,0] J[-T,0] 


(i) b, a, F, H are continuous functions satisfying, for some positive constants C and m. 


|6(x) — 6(x')| + |ct(x) — (t(x')I < Clx —x'l, 
l^(i,x,y,z) - F(t,x,y',z')l < C{\y - y'\ + \z - z'\), 

|F(f,x,0,0)| + |.ff(x)| < ^(l + lxr), 

for all t G [0, T], x, x' G y, y' G M, and z, z' G M. 

(ii) b and d are of class with partial derivatives from order 1 up to order 3 bounded. 

(hi) For all t G [0,T], F{t, •, ■, •) G C'^(M^) and moreover the following. 

(a) F{t, -,0,0) G C'^(M'^) and its third order partial derivatives satisfy a polynomial growth 
condition uniformly in t. 

(b) DyF, DzF are bounded on [0, T] x x M x M, as well as their derivatives of order one 
and second with respect to xi,..., xn, y, z. 
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(iv) H G C^(M^) and its third order partial derivatives satisfy a polynomial growth condition. 

(v) G ^^([Ojr]). 

Then, the map U given by 

U{t,r^) = V(t,7?) G [0,r] X c([-r,0]), 

where j’] G §^(t,T) x EI^(t,T) is the unique solution to (|3.9p . is a strict solution to 

equation das]). 

Proof. The proof can be done proceeding as in the proof of Theorem 13.51 and it is based on 
Theorem 3.2 in [20] instead of Theorem 6.1, Chapter 5, in |15] . More precisely, adopting the same 
notations as in the proof of Theorem 13.51 set ..., and consider, for any (t,x) G 

[0,T] X M'^, the forward-backward system of stochastic differential equations: 


(p{r)h{r,^^p^)dr + (p{r)a{r,^^p^)dWr, 

F{r, X*’^, y/’^, Zi'^)dr - Zl'^dWr, 


s £ [t, T], 
s G [t,r]. 


(3.17) 


Under assumption (i) on b and d, we see that that there exists a unique (up to indistinguishability) 
continuous process (X*’^’^,... = X*’^ = (Xs^)sg[j solution to the forward equation in 

(I3.17p . see, e.g.. Theorem 1.1, Chapter 5, in |15j . Moreover, from Theorem 4.1 in [T9| it follows that, 
under assumption (i) on F and H, there exists a unique solution [Y^’^,Z^'^) G §^(t,T) x M'^(t,T) 
to the backward equation in (I3.17p . Now, fix t/ G C'([—T, Oj) and define x = (xi,... ,xn) G as 


Then, similarly as for (I3.14h . 


Xi 



ipi{x + t)d r]{x). 


(3.18) 




b-bO] 


ipi{x + t)d r]{x) + / pi{u)dXlf^ 



(pi{x + r)d X*’^(x) 


and therefore 


TAt,X 

^ S 



t < s < T. 


Since (y*’^,y*’^) also solves the above backward equation, from the uniqueness to the BSDE it 
follows that y*’^ = in §f{t,T) and = Z^'"^ and M.‘^{t,T), whenever x = (xi)j=i^...^Ar is given 
by (|3.18p . Now, from the definition of U and the equation (13.9p satisfied by (y*’^,Z*’^), we have 
(with T] and x related by (13.181) 1 


u{t,p) = y/’^ = E 


= E 


/ F{s, y/’^ Zl’^)ds + 
£ Fis, X*’", y^’", Zl^^)ds + 


Then, we define 


T(f,x) = E 




Zl’^)ds + i7(X^^) 


V(t,x) G [0,T] X R^. 
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It follows from Theorem 3.2 in [20] that T € x M^) and satisfies the following backward 

semilinear parabolic equation 

', x) + ifix.)D^, T(t, x) + i Efj=i V>i{t )^3 {t, x)Dl.^. T {t, x) 

< = 0, V(t,x) € [0,r[xM^, 

^T(r,x) = 5'(x), VxGM^. 

Finally, the claim follows expressing the derivatives of U in terms of the derivatives of T as in the 
proof of Theorem 13.51 □ 
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